The two-dimensional dense O(n) loop model for n = 1 is equivalent to the bond percolation and for n = 0 to the dense polymers or spanning trees. We consider the boundary correlations on the half space and calculate the probability P b that a cluster of bonds has a single common point with the boundary. In the limit n → 0, we find an analytical expression for P b using the generalized Kirchhoff theorem.
I. INTRODUCTION
The dense O(n) loop model [1] is defined by drawing two lines in each elementary cell of the square lattice. Two possible states of the cell are shown in Fig.1 . The lines on the whole lattice with appropriate boundary conditions form a system of closed loops with the Boltzmann weight n ascribed to every loop.
FIG. 1: Elementary cells.
A rise of interest to the O(n) model, especially to the case n = 1, was triggered by remarkable observations concerning the ground state of the antiferromagnetic XXZ quantum chain and, equivalently, to properties of the transfer matrix of dense loop model taken in the Hamiltonian limit of extreme spatial anisotropy [2] [3] [4] [5] [6] [7] . It was noted that the elements of the ground state of the loop Hamiltonian are equal to the cardinality of different subsets The states of the O(n) model can be defined in terms of the connectivity condition for points of intersection between loops and a horizontal line cutting the loops at these points.
Two points are connected by a link if there exists a line between them via the half space above the cut. For instance, imposing periodic boundary conditions in horizontal direction for the lattice in Fig.2 and specifying the boundary conditions at the upper edge, we obtain three minimal links between points 1 and 6, 2 and 3, 4 and 5 which are points of intersection between loops and the bottom line of lattice belonging to upper half space. A typical configuration of links for a larger lattice is given in Fig.3 .
FIG. 3: A link configuration.
Several interesting conjectures have been obtained about the probability distribution of configurations of links of the dense O(1) loop model. To be closer to the aim of this article, we mention just one conjecture about the number of configurations containing the minimal link at a given position [7] . . . ⌢ . . . for odd periodic system. Here A HT (N) is the number of N × N half turn invariant ASM [9] .
Since the total number of periodic link configurations is A HT (N), the probability of minimal link P rob(. . . ⌢ . . .) tends to 3/8 in the limit N → ∞. Due to the simple bijection between the loop configurations on the square lattice and the bond configurations on its sublattices, the dense O(1) model is equivalent to to the bond percolation. Then, the constant 3/8 has a simple interpretation as the probability of a certain class of percolation clusters (see Section II). Despite its simplicity, an analytical derivation of the probability of minimal links as well as of other link configurations remains an open problem.
In this work, we consider the problem of evaluation of P rob(. . . ⌢ . . .) in the dense O(n) model for the case n = 0. In the limit n → 0, the bulk loops disappear and the system of lines is converted into the model of dense polymers [10] . The bijection giving the bond percolation for n = 1 on a sublattice, leads in the limit n → 0 to the spanning trees on the same sublattice. A lot is known about correlation functions of the spanning tree model due to the Kirchhoff theorem [11] . However, we will see in subsequent sections that evaluation of P rob(. . . ⌢ . . .) involves non-local diagrams which need a generalization of the Kirchhoff determinant formula. Similar correlations appear in the Abelian sandpile theory [12] [13] [14] [15] [16] , in the problem of loop-erazed random walk [17, 18] , in the problem of "watermelon" embedded into the spanning tree [19, 20] . Below, we use the generalized determinant formula to find P rob(. . . ⌢ . . .) and compare the result obtained for n = 0 with that conjectured for n = 1.
II. LINK STRUCTURE AND BOUNDARY CLUSTERS
The square lattice of sites with integer coordinates (n, m) can be divided into two sublattices, black and white. For sites of the black sublattice n + m is even, for sites of the white one n + m is odd. The bijection between loop and bond configurations mentioned in Introduction is shown in Fig.4 . The neighboring sites of each sublattice are connected by a bond if it does not intersect the lines of elementary cell. Each connected cluster of bonds in the bulk of lattice is situated inside a loop. Each bulk cluster on the black sublattice is surrounded by a connected cluster of bonds on the white sublattice and vice versa. The minimal link probability P rob(. . . ⌢ . . .) is the sum of probabilities P a of the clusters of type (a) and P b of the clusters of type (b) because the minimal link corresponds to the piece of loop surrounding the origin (0, 0) together with the cluster of bonds attached to the origin.
In the O(1) model, the probability P a is elementary because the isolated site (0, 0) of the black sublattice corresponds to two bonds on the dual white sublattice: one bond connecting sites (−1, 0) and (0, 1) and another one connecting sites (0, 1) and (1, 0 
we conclude that P c = 1/8. The symmetry P b = P c is wonderful because the bond clusters of type (b),(c) do not obey any visible symmetry in the percolation theory.
In Table 1 To provide a symmetry with respect to the origin, we take N odd. Despite the difference between our triangle geometry and the strip geometry used in [7] , we see from Our aim in this work is calculation of probabilities P a , P b , P c , P d for the free-fermion O(0) model. Elimination of loops in the limit n → 0 converts the wavy lines of the O(n) model into dense polymers [10] and the bond clusters on the black and white sublattices into spanning trees on these sublattices. A spanning tree on the black (white) sublattice is a connected cluster containing all black (white) sites. Due to the cut, the connected spanning tree splits into separated components attached to the horizontal line. The classification of the components ( The probability P a is the sum of these probabilities, P a = P 1a + P 2a + P 3a .
Evaluation of P b is a more delicate problem. The cluster of type (b) on the black sublattice is surrounded by bonds of a cluster on the white sublattice. The bonds are directed and their sequence gives continuous paths on the white sublattice of three different forms:
1b. The self-avoiding path of an arbitrary length which starts at the site (−1, 0) and stops at (1, 0).
2b. The self-avoiding path starts at the site (1, 0) and stops at (−1, 0).
3b. Two self-avoiding paths start at the sites (−1, 0) and (1, 0), meet at a white site s 0 and then the single self-avoiding path continues from s 0 up to the end at a white site on the cut. In particular cases, the site s 0 can coincide with sites (−1, 0) and (1, 0).
We denote the probabilities of these situations by P 1b , P 2b , P 3b , and their sum by P b =
In a similar way, the probabilities P c and P d can be defined. Taking into account that P c = P c (lef t) = P c (right) due to the symmetry, we can define P c (lef t) via probability of paths on the white sublattice which separate the origin (0, 0) from the boundary vertices with positive even coordinates (2n, 0), n ≥ 1. However, we do not need a separate evaluation of P c because it can be determined from the relation P a + P b = P d and condition (2.1).
While the probabilities constituting P a are local correlation functions and can be calculated within a usual approach of the perturbed Laplacian, the probabilities in P b are essentially non-local and their calculation needs a special technique. Before formulating these technical tools, we chose more convenient coordinates for our problem. We consider also the left-upper half plane V + = {s x,y , x ≤ y} with open boundary conditions at the diagonal sites V 0 = {s x,y , x = y}.
We construct the spanning tree by using the arrow representation. To this end, we attach to each vertex i ∈ V \{⋆} an arrow directed along one of bonds (i, i ′ ) ∈ E incident to it.
Each arrow defines a directed bond (i → i ′ ) and each configuration of arrows defines a spanning directed graph with set of bonds to the root ⋆, so that it is a sink of directed paths. Spanning tree is a spanning digraph without any loops. Our aim is to construct spanning trees, with a prescribed configuration of paths between fixed vertices. These configurations will be investigated by means of the determinant expansion of the Laplace matrix [12] [13] [14] .
Let the vertices of the set V , be labeled in arbitrary order from 1 to n = |V \{⋆}| = (2M + 1)(2N + 1). Then Laplacian ∆ of size n × n has the elements:
where z i is the degree of vertex i ∈ V \{⋆}. The determinant of ∆ is a sum over all permutations σ of the set {1, 2, . . . , n}:
where S n is the symmetric group, sgn(σ) = ±1 is the signature of permutation σ. In general, each permutation σ ∈ S n can be factorized into a composition of disjoint cyclic p . Thus (3.2) can be written as follows:
where c k i is the k-fold composition of the cyclic permutation c i of even length having a non-zero set of fixed points equals up to a sign to j∈S f p (σ) z j , because all nondiagonal elements equal to −1. That product represents the number of distinct spanning digraphs which have in common the specified cycles c 1 , . . . , c p , and differ in the oriented edges outgoing from vertices j ∈ S f p (σ). The expansion (3.3) can be interpreted in form of the inclusion-exclusion principle [21] . Let c 1 , c 2 , . . . , c m be the list of all possible proper cycles. We define A i , i = 1, 2, . . . , m as the set of all spanning digraphs containing the particular cycle c i and A 0 is the set of all spanning digraphs. Let A ST be the set of spanning trees i.e. the set of spanning digraphs containing no cycles. Then we can write down (3.3) in the form:
where |A| is cardinality of the set A. (3.4) is the Kirchhoff theorem for the number of spanning trees of a given graph [21] .
Now we modify the Laplace matrix changing some non-diagonal elements: 
IV. CLUSTER PROBABILITIES
Upon above preparations, we are ready to calculate probabilities P a = P 1a + P 2a + P 3a
and P b = P 1b + P 2b + P 3b − P a .
A. The probability P a
The two-bond configuration corresponding to P a is shown in Fig.9 . We denote by B the non-zero submatrix of the defect matrix δ. For the case 1a, matrix B is
The probability P 1a follows from (3.6)
where we changed δ by its non-zero finite submatrix B and the bulk Green function G by the Green function G op for the open diagonal boundary conditions
where (p 1 , q 1 ) and (p 2 , q 2 ) are points on the white sublattice with the primed coordinates (see Fig.8 ). This Green function is obtained as a solution of the discrete Poisson equation
on upper-left half-plane with additional condition that the Green function vanishes on the diagonal line p = q (open boundary). The boundary Green function (4.3) can be easily obtained due the principle of reflection symmetry [8] . Using exact values (5.6) for the Green functions at short distances given in Appendix, we obtain
For the case 3a we have
The resulting probability P a is
instead of P a = 1/4 for the dense O(1) loop model. 1) .
B. The probability P b
By definition the probability P 1b is the probability that the path in a spanning tree starting at site (−1, 0) of the original white sublattice stops at site (1, 0) and then goes to one of two neighboring roots.
The configuration of this path on the rotated sublattice is shown in to 2, we introduce the bridge (2 → 1) with the weight −ε (see Fig.10 ) and tend ε to infinity.
Then the defect matrix B consists of the single element (2 → 1) and the formula (3.6) is reduced to
Using the table (5.6) we get
By the symmetry, we have P 1b = P 2b .
The crucial point of our calculations is the probability P 3b . The configuration of paths on the white sublattice corresponding to the case 3b gets after the transformation the form depicted in Fig.11 , where the point 1 is the transformed position of the site (−1, 0), the point 2 of the site (1, 0) and the point 4 is the end of a path from the connection point s 0 . In principle, it is possible to define a system of auxiliary bridges giving all three paths on Fig.11, however, in this case we would obtain a product of three Green functions which should be summed up over all positions of the point s 0 . We choose here another way, avoiding these tremendous calculations.
First, we define the path from point 1 to point 4 inserting the auxiliary bond (4 → 1).
Then, we fix an outgoing bond from point 2 in one of two possible directions (diagram I shown in Fig.12 ). The path from point 2 can join the path from point 1 to 4, forming The summation over the whole boundary gives
With p = 0 and q = 1 we have
and
Due to the symmetry relation
we can find the sum
Denote by R k the probability of the diagram I for distance k between points 1 and 4 (see 17) where the 5-th and 6-th rows and columns correspond to the two neighbouring vertices of point 2. The calculation of the determinant gives
The probability P I is the sum
From the identity
we have
The probability P II of the diagram II (see Fig.13 ) is a double sum of double bridges with distance s between points 1 and 4 and distance k between points 1 and 3. The corresponding which gives the probability 26) or, in a more convenient form,
One can show that
Denote the latter sum by Q:
Using the integral representation of the Green function and definition of D k , after some manipulations we can show that
By the substitution and symmetrization by permutation t 1 ⇄ t 2 , we come to the triple integral of a rational
where The cumulated result is P 1b + P 2b + P 3b = 4 − π π = 0.27323 . . . . and we obtain the probability of clusters P b in the dense O(0) loop model:
P b = P 1b + P 2b + P 3b − P a = 2(4 − π)(11 − 3π) 3π 2 = 0.091336465 . . . . The probabilities P c and P d can be easily determined from (2.1) and the condition P a + P b = P d . Using the one-to-one correspondence between spanning trees and loop erased random walk (Wilson algorithm, see [23] [24] [25] [26] [27] for details), we can generate equally distributed spanning trees and check the obtained analytical results. 
